We consider a dark soliton in a Bose-Einstein condensate in the presence of a weak disorder potential. Deformation of the soliton shape is analyzed within the Bogoliubov approach and by employing an expansion in eigenstates of the Pöschl-Teller Hamiltonian. Comparison of the results with the numerical simulations indicates that the linear response analysis reveals a good agreement even if the strength of disorder is of the order of the chemical potential of the system. In the second part of the paper we concentrate on the quantum nature of the dark soliton and demonstrate that the soliton may reveal Anderson localization in the presence of disorder. The Anderson localized soliton may decay due to quasi-particle excitations induced by the disorder. However, we show that the corresponding lifetime is much longer than the condensate lifetime in a typical experiment.
I. INTRODUCTION
Ultra-cold atomic gases become a playground where complex systems of solid state physics, nonlinear quantum optics or even cosmology can be efficiently simulated and investigated [1, 2] . The level of experimental control and detection is unprecedented and allows one to build quantum simulators, i.e. experimentally controlled systems that are able to mimic other systems difficult to investigate directly [3] . Since the first laboratory achievement of Bose-Einstein condensation the list of problems investigated experimentally and theoretically in ultracold atomic gases becomes very long and includes: superfluid phases of both bosonic and fermionic atomic species [4, 5] , collective excitations like solitons and vortices [6] [7] [8] [9] [10] [11] [12] , insulating phases of solid state physics [13] [14] [15] , transport properties and Anderson localization effects [16] [17] [18] [19] , atomic systems in the presence of artificial gauge potentials [20] [21] [22] .
Particularly interesting is the interplay between particle interactions and disorder phenomena in quantum many body systems. Anderson localization [23] , which is essentially a single particle phenomenon, is vulnerable to particle interactions [24] [25] [26] [27] [28] [29] . In experiments with atomic gases the localization was observed when the interactions were practically turned off by employing Feshbach resonances or by reducing density of the atomic cloud [16] [17] [18] [19] .
Particle interactions play a vital role in soliton formation. Mean field description of atomic Bose-Einstein condensates reduces to the Gross-Pitaevskii equation [30] [31] [32] which possesses a localized wave-packet solution (i.e. bright soliton) for attractive particle interactions and a solution with a phase flip (i.e. dark soliton) for repulsive interactions. Both kinds of the solitons have been observed experimentally [6] [7] [8] [9] .
While the Gross-Pitaevskii equation is a single particle description with the interactions included in the mean field approximation one can anticipate quantum many body effects that go beyond such a description. Center of mass of a bright soliton is a degree of freedom which, when properly described quantum mechanically, allows for the analysis of interesting phenomena like soliton scattering on a potential barrier which leads to a superposition of macroscopically distinct objects [33] or quantum entanglement of a pair of solitons [34] . It is also shown that in spite of the fact that the particle interactions are present and are responsible for the bright soliton formation the center of mass of the soliton can reveal Anderson localization in a weak disorder potential [35, 36] . One may raise a natural question if similar localization can be also observed in the case of a dark soliton. In the bright soliton case a huge energy gap for quasi-particle excitations guarantees that the shape of the soliton is not perturbed by a weak disorder potential. Then, the only degree of freedom affected by the disorder is the center of mass and (as has been shown recently) it becomes Anderson localized. In the dark soliton case the situation is more delicate because there is practically no gap for quasi-particle excitations. Consequently one may expect that coupling between the degree of freedom that describes soliton position and the quasi-particle subsystem induced by the disorder can destroy Anderson localization of the dark soliton. In the present paper we address this problem and show that the dark soliton localization can be observed experimentally because the lifetime of the localized states is sufficiently long.
The paper is organized as follows. In Sec. II we analyze the deformation of a dark soliton solution in the presence of a weak external potential within the Bogoliubov approach and by reducing the description to the problem of the Pöschl-Teller potential. Such a classical description of the soliton allows us to conclude that the deformation effect is very weak. It implies that in the quantum description of the soliton we may expect that coupling between the degree of freedom that describes soliton position and the quasi-particle subsystem can be neglected. It is confirmed in Sec. III where we switch to the quantum description and calculate the lifetimes of Anderson localized dark solitons. We conclude in Sec. IV.
II. CLASSICAL DESCRIPTION
We consider N 0 bosonic atoms with repulsive interactions in a 1D box potential of length L at zero temperature (for experimental realization of a box potential see [37] ). The mean field description assumes that all atoms occupy the same single particle state φ 0 which is a solution of the Gross-Pitaevskii equation (GPE) [30] 
where g 0 = 2 aω ⊥ , µ 0 is chemical potential of the system, a stands for the s-wave scattering length of the atoms and ω ⊥ denotes the transverse harmonic confinement frequency. By virtue of the nonlinear term in the GPE there exists a stationary dark soliton solution which, far from the boundary of the box potential, takes the form
where θ is an arbitrary phase, ρ 0 stands for the atomic density away from the soliton position q and ξ = / √ mg 0 ρ 0 is the so-called healing length. The chemical potential of the system is µ 0 = g 0 ρ 0 . The description of a dark soliton restricted to the classical wave equation (1) is called the classical description. It is in contrast to the quantum description of Sec. III where, for example, the position of a dark soliton q becomes a quantum degree of freedom. We consider a finite 1D system. However, in order to describe the system in a region away from the boundary of the box potential we may use analytical solutions corresponding to the infinite configuration space which, if necessary, can be modified to satisfy boundary conditions [38] , e.g. φ 0 (x = 0) = 0 and φ 0 (x = L) = 0.
In the remaining part of the paper we adapt the following units for energy, length and time, respectively
A. Deformation of a dark soliton: Expansion in Bogoliubov modes
We would like to describe the deformation of a dark soliton solution in the presence of a weak disorder potential. The disorder potentials we are interested in correspond to optical speckle potentials which are created experimentally by shining laser radiation on a so-called diffusive plate [28, 39] . In the far field, light forms a random intensity pattern which is experienced by atoms as an external disorder potential. Diffraction effects are responsible for a finite correlation length of the speckle potentials. Interestingly properties of such a disorder can be easily engineered that allows, e.g., for preparation of a matter-wave analog of an optical random laser [40] .
Bright soliton deformation in an optical speckle potential has been already considered in Ref. [41] , see also [42] . Dark soliton propagation and its radiation in the presence of randomly distributed Dirac-delta potentials has been considered in Ref. [43] , see also [44, 45] . In the case of repulsive particle interactions the deformation of a condensate ground state in an optical speckle potential has been also a subject of scientific publications [46] [47] [48] [49] . In the present paper we consider a problem of the repulsive interactions but we deal with a localized soliton structure, i.e. there is a phase flip of the condensate wavefunction at the position of a soliton.
In our considerations the dark soliton is placed in a bounded and weak external potential V (x). To calculate a small perturbation of the solitonic wavefunction we start with the time-independent GPE which in our units (3) takes the form
and substitute φ = φ 0 + δφ and µ = µ 0 + δµ = 1 + δµ where δφ is a small perturbation of the soliton wavefunction (2) and δµ is a small contribution to the chemical potential which allows us to correct a possible change of the total particle number due to the presence of V (x). Keeping linear terms only we obtain the time-independent, non-homogeneous Bogoliubov-de Gennes equations
where
In order to solve Eqs. (5) we would like to expand the two component vector (δφ, δφ * ) T in a complete basis that consists of eigenvectors of the non-Hermitian operator L. This basis has been published in Ref. [38] , see also [50, 51] , and here we only present the results and comment on essential elements of the derivation. Collecting the complete basis one has to be careful because the L operator is not diagonalizable [35, 38, 50, 51] . There are right eigenstates of L, i.e. L|ψ k = ǫ k |ψ k , where
that correspond to the familiar Bogoliubov spectrum
These eigenstates are called phonons and their adjoint vectors |ψ
T are the right eigenmodes corresponding to eigenvaluesǫ k = −ǫ k and |ψ
T are their adjoint vectors. In the infinite configuration space right eigenvectors and adjoint vectors fulfill ψ
. In a box potential the wavevector becomes quantized, i.e. k n = nπ/L where n = 1, 2, . . ., and there is a tiny energy gap for the phonon excitations.
Phonons apart, there exist two zero-eigenvalue modes of L corresponding to broken gauge U (1) and translational symmetries [38] ,
respectively. They appear as zero-eigenvalue vectors because a shift of the global phase θ or a change of the soliton position q in solution (2) does not lead to a change of the system energy. The zero modes fulfill u q |u θ − v q |v θ = 0 and they are orthogonal to the modes adjoint to the phonons. Vectors adjoint to the zero modes are not left eigenvectors of the L and they can be found by solving [51] L u
where M θ,q are determined by normalization conditions u
where 
Substituting (15) into (5) results in
Projecting this equation onto the adjoint vectors we can obtain the expansion coefficients and a small correction to the chemical potential. Note that, there is no restriction for a choice of small deviation ∆θ and ∆q which is due to the fact that these coefficients are related to the zero modes. However, while θ can be arbitrary, we will see that q can not because the external potential breaks the translational symmetry but does not affect the U (1) symmetry. Coefficient ∆θ is related to a shift of the global phase of the soliton solution (2) and without loss of generality we may choose ∆θ = 0. For the coefficient P θ we get
The last term on the r.h.s. can be written in the following way (18) which represents a force acting on the soliton. A similar effective force appears in the approach of Ref. [52] . For the stationary solution it is obvious that the soliton position q is chosen so that such a force is zero. Then, also an arbitrary shift of the soliton position should be zero, i.e. ∆q = 0 in (15) . With such a choice of the soliton position the coefficient P θ is directly related to a change of the total particle number which we assume to be zero. Hence, P θ = dN = 0 and Eq. (17) allows us to obtain the correction to the chemical potential
Projecting (16) onto the adjoint mode (14) results in P q = 0 what can be expected because P q has an interpretation of the soliton momentum and for the stationary state it should be zero. Thus, with a proper choice of the soliton position and a suitable correction of the chemical potential, all coefficients in (15) are zero except
which contain full information about soliton deformation in a weak external potential. Finally the stationary solitonic solution in the presence of a weak external potential reads
B. Deformation of a dark soliton: Expansion in modes of the Pöschl-Teller potential
The Bogoliubov approach is suitable in the description of the eigenmodes of collective or elementary excitations of a Bose-Einstein condensate [31, 32] . However, if we are interested in the description of a stationary state of the GPE and if such a state can be represented as a real function one may introduce a substantial simplification. We will see that description of dark soliton deformation reduces to an expansion of a wavefunction perturbation in modes of the Pöschl-Teller potential [53] . Such an approach has been applied in the analysis of a bright soliton deformation in a weak disorder potential [41] and it turns out it is also suitable in the dark soliton case.
Let us start again with the stationary GPE but assume the solution we are looking for is a real function
Similarly to the Bogoliubov approach we introduce µ = µ 0 + δµ = 1 + δµ and φ = φ 0 + δφ but assume that in (2) the global phase θ = 0. Keeping linear terms only, rewriting
is the Hamiltonian for a particle in the Pöschl-Teller potential [53] . To compute δφ we need to invert the operator H 0 + 2. All the eigenstates of the Hamiltonian H 0 are known in the literature [54] . There are two bound states
with eigenenergies E 0 = −2 and E 1 = − 1 2 respectively and scattering states
We can therefore expand the deformation δφ over orthonormal basis of eigenfunctions
and compute coefficients α j by projecting Eq. (23) on the proper eigenmodes
The wavefunction (25) is a zero mode, i.e. (H 0 +2)ψ 0 = 0. Thus, Eq. (23) can be solved provided the projection of its r.h.s on the zero mode vanishes. Therefore we require
In (30) we have taken advantage of ψ 0 |φ 0 = 0 and the fact that the zero mode is also the translation mode of the dark soliton, i.e. ψ 0 ∼ ∂ x φ 0 . Condition (30) implies that the soliton position q should be chosen so that the force acting on it is zero, compare with (18) . From Eq. (29) we do not get any restriction for the value of α 0 . However, because α 0 ψ 0 has an interpretation of a shift of the soliton position we should choose α 0 = 0 if we are interested in a stationary solution.
In order to solve Eq. (23) we have to invert the operator H 0 + 2 in the Hilbert space with the zero mode excluded which is simple because all eigenfunctions of H 0 are known. That is
where the symmetric kernel K(x, y) reads
In the Bogoliubov approach, even if we are restricted to the phonon subspace, the L operator possesses a zero eigenvalue if the configuration space is infinite, see (9) . Therefore it is not straightforward to obtain a simple form of the relevant kernel because integration over phonon subspace should actually be substituted by summation over discrete values of the wavevector. Finally we have to determine the correction to the chemical potential. In the Bogoliubov approach there is a specific mode responsible for a change of the total particle number which is orthogonal to all other Bogoliubov modes and to keep the particle number constant it is sufficient to ensure that the wavefunction perturbation does not have any contribution from this mode. In the present approach the chemical potential has to be determined by the normalization condition φ|φ = N 0 + O(δφ 2 ) that implies φ 0 |δφ = 0 and thus
which is the same expression as in the Bogoliubov approach, compare with (19) . The final expression for a stationary solitonic solution in the presence of a weak external potential reads
where we have made use of dyK(x, y)φ 0 (y) = ∂φ0(x)|µ 0 ∂µ0
with φ 0 | µ0 ≡ φ 0 being a wave function with fixed chemical potential µ 0 = 1.
In the bright soliton case [41] the eigenfunction ψ 1 (not ψ 0 as in the dark soliton problem) turns out to be a translation mode of the system and also the H 0 + 2 operator is substituted by H 0 + 1/2. Consequently, one obtains a different expression for the symmetric kernel which is expected because the bright soliton represents a localized wavepacket while a dark soliton is a phase flip at soliton position with otherwise uniform density.
C. Comparison with numerical calculations
We are going to compare the perturbative approaches introduced in the previous subsections with results of numerical calculations in the case of a dark soliton in a weak optical speckle potential. However, first we consider a simple harmonic potential
which on one hand is a generic example because any potential can be expanded in a Fourier basis and on the other hand allows us to obtain simple expressions for expansion coefficients. In the Bogoliubov approach Eq. (20) , for the potential (35), one gets
This coefficient contains Dirac delta functions which tell us that the condensate density will be modulated with a period of 2π/k 0 . At small k the coefficient diverges
but the contribution to the soliton wavefunction from long wavelength phonons is finite Thus, in order to calculate soliton deformation we may assume infinite configuration space because the singularity at k → 0 is actually not dangerous. The correction to the chemical potential |δµ| <
4V0
k0L , see Eq. (19), disappears in the limit of k 0 L → ∞ which is a consequence of the self-averaging property of the potential (35), see [47] .
In the approach that involves modes of the Pöschl-Teller potential Eq. (29) yields
for scattering modes and
for the bound state ψ 1 , where we have assumed that the system is infinite and thus the correction δµ = 0. There are Dirac delta functions present in (39) similarly as in the Bogoliubov coefficients but contrary to the Bogoliubov case the coefficients α k possess no singularity at k = 0. Note that the coefficients (36) and (39) are proportional to V 0 . Thus, for V 0 ≪ 1 (i.e. for the potential strength much smaller than the chemical potential of the system) the perturbation of the condensate wavefunction is certainly negligible. Deformation of the soliton shape depends on the relation of k 0 to the inverse of the healing length. For k 0 ≪ 1, i.e. if the potential changes on a scale much larger than the healing length of the system, we may employ the Thomas-Fermi profile [30] and approximate the condensate wavefunction by φ(x) ≈ ρ 0 [1 − V (x)] tanh(x/ξ) whereξ = 1/ √ 1 + V 0 is a local healing length around the soliton position. Thus, for k 0 ≪ 1, the soliton shape is still given by the hyperbolic tangent function but its size is smaller. In the other limit, i.e. for k 0 ≫ 1, the condensate wavefunction reveals harmonic oscillations superposed on the hyperbolic tangent function. Indeed, for k 0 ≫ 1, Eq. (39) implies that the dominant contribution comes from k ≈ k 0 which behaves like V 0 /k 2 0 . Thus, even if we increase V 0 but choose k 0 ≫ 1 the wavefunction perturbation is still negligible due to smoothing effects. Finally we would like to stress that plotting φ obtained in the Bogoliubov approach and with the help of the Pöschl-Teller modes one gets exactly the same results.
For comparison with numerics we have chosen the case of an optical speckle potential. Such a potential is characterized by: zero mean value V (x) = 0, where the overbar denotes an ensemble average over disorder realizations,
and autocorrelation
2 (x/σR) (x/σR) 2 where σ R is the correlation length of the disorder. In Fig. 1 we show examples of the solitonic solutions in the presence of an optical speckle potential for a correlation length much smaller (σ R = 0.05) and comparable (σ R = 1) to the healing length and for V 0 = 1 and V 0 = 0.5 respectively, obtained within the perturbation approaches and by a numerical solution of the GPE. The agreement is surprisingly good even though the strength of the disorder is of the order of the chemical potential. For σ R = 0.05 the disorder changes rapidly and its effect on the condensate is significantly smaller than for σ R = 1.
We have considered a dark soliton in a box potential and analyzed its deformation due to the presence of a weak disorder potential. Our results can also be applied to the system in the presence of, e.g., a shallow harmonic trap. Indeed, if we are interested in the deformation of the condensate wavefunction in the vicinity of the trap center and if the change of the harmonic potential energy on a scale of the soliton size is much smaller than the disorder strength, i.e. ω 2 ≪ V 0 where ω is harmonic trap frequency, the effect of the presence of the trap on the soliton deformation can be neglected.
III. QUANTUM DESCRIPTION
In the previous section, in order to describe ultra-cold atoms, we have applied the mean field approximation where it is assumed that a many body system is in a state where all atoms occupy the same single particle wavefunction. Solution of the GPE is an optimal choice for such a single particle wavefunction. Then, a stationary dark soliton appears as a solution of the classical wave equation and its position is given by a real number q. In the present section we will take into account situations when particles do not necessary occupy the same single particle state. It turns out that the problem can be described within the quantum version of the Bogoliubov approach where, e.g., q becomes a quantum mechanical operatorq and the soliton position is described by a probability distribution. This approach has rather a semiclassical nature. The full quantum analysis would involve the N-body problem as has been done in Refs. [55, 56] for the bright solitons in optical fibres, see also Ref. [32] .
A. Effective Hamiltonian
An effective Hamiltonian that describes a bright soliton in the presence of a weak external potential has been introduced in Ref. [36] . It is based on the Dziarmaga idea of how to describe non-perturbatively degrees of freedom corresponding to Bogoliubov zero modes [38] . Derivation of the effective Hamiltonian in the dark soliton case follows the same reasoning and therefore we will present key elements only.
In the previous section once the global phase θ of the wavefunction (2) and the soliton position q have been chosen no deviations of them have been considered. Small deviations can be described with the help of the zero modes, compare (10)- (11) and (15), while large deviations need modifications of the description. The expansion of the wavefunction perturbation around a given value of the soliton position q, see (15), is actually not necessary because one may treat q as a dynamical variable and the same is true for θ [38] . This way we obtain
In (41) all modes depend on q and θ and can follow large changes of the soliton position and global phase. Substituting (41) into the energy functional
leads to
with
where only terms of the order O(P 2 , b 2 , P V, bV ) are kept. Note that Eq. (43) is the Hamiltonian formulation of the classical perturbation theory applied in Sec.IIA. That is, fixed points of the Hamilton equations generated by (43) [36] correspond to stationary solutions analyzed in Sec.IIA. We know from Sec.II that such stationary solutions are in a very good agreement with the exact numerical calculations for the disorder strength even of the order of the chemical potential of the system, i.e. for V 0 ≈ 1.
In the so-called second quantization formalism the quantum many body Hamiltonian corresponds to (42) where the wavefunction φ is substituted by a bosonic field operatorφ. Then, also the expansion coefficients in (41) become operatorŝ
and fulfill commutation relations
Energy functional (43) does not depend on θ, thus, in the quantum description [P θ ,Ĥ] = 0 and we may restrict it to the Hilbert subspace with exactly N 0 particles, i.e. for any state in this subspaceP θ |ψ = 0, and the quantum effective Hamiltonian reduces tô
The HamiltonianĤ q describes soliton motion in an effective potential which turns out to be a convolution of the original potential with the density |φ 0 | 2 . Own-
and V (x) = 0,Ĥ q becomes similar to the corresponding Hamiltonian for a bright soliton in a weak external potential [35] . The termĤ B describes quasi-particle subsystem (phonons) andĤ 1 is the part of the Hamiltonian that couples soliton position degree of freedom with phonons.
In the classical description (Sec. II) such a coupling is responsible for the deformation of the stationary condensate wavefunction. In the following we will not look for eigenstates of the total HamiltonianĤ but rather consider eigenstates ofĤ q and calculate the lifetime of the system prepared in these eigenstates due to the coupling with the quasi-particle subsystem induced byĤ 1 . We would like to emphasize striking differences between the classical description and the present quantum description. They are most apparent in the absence of an external potential. Indeed, for V (x) = 0, the soliton position in the classical decription can be chosen arbitrary but it is well defined. In the quantum approach the HamiltonianĤ q tells us that eigenstates of the system correspond to eigenstates of the momentum operatorP q and the corresponding probability distributions for the soliton position are totally delocalized. Thus, similarly as in the bright soliton case [32] , dramatic condensate fragmentations are predicted in the quantum approach of a dark soliton [57] .
B. Anderson localization of a dark soliton
The final form of the HamiltonianĤ q is similar to the Hamiltonian for the center of mass of a bright soliton in a weak external potential [36] . The effective mass |M q | in (49) is equal to two times the number of particles missing in a dark soliton notch while in the bright soliton case it is given by a total number of particles in a system. A bright soliton is the ground state solution of the GPE and excitation of its center of mass increases the energy of the system. A dark soliton corresponds to a collectively excited system and in order to decrease the system energy one has to, e.g., accelerate the soliton. Indeed, excitations of the soliton position degree of freedom actually decrease the system energy due to the minus sign in front of the expression (49) .
It has been shown that in the presence of a weak disorder potential the center of mass of a bright soliton reveals Anderson localization [35] . The same phenomenon can be expected for dark solitons. For V (x) being an optical speckle potential with the correlation length σ R smaller than the healing length of the system we obtain the effective potential in (49) where the healing length plays a role of the effective correlation length. The generic properties of the Anderson localization in 1D allow us to expect that all eigenstates of the HamiltonianĤ q are exponentially localized, i.e., have a shape with the overall envelope [58, 59] 
whereĤ q ψ n (q) = E n ψ n (q), q 0 is the mean position of the soliton and l loc = l loc (E n ) is the localization length. Indeed, in (right panels) and reveal the localization length l loc = 10.5 and l loc = 15.7, respectively.
σ R = 0.28 (0.27 µm) [16] . The energy units (3) are the following: E 0 / = 789 Hz, l 0 = 0.96 µm and t 0 = 1.27 ms. In order to obtain predictions for Anderson localization of solitons we have neglected coupling of the soliton position degree of freedom to the quasi-particle subsystem. In the bright soliton case such an approximation is justified because there is a huge energy gap for quasiparticle excitations and if the strength of the potential is much smaller than the chemical potential of the system, corrections to the effective HamiltonianĤ q are negligible [36] . In the dark soliton case there is practically no energy gap for phonon excitations, i.e. minimal ǫ k , see (9) , corresponds to k = π/L which tends to zero for a large system. Moreover, a dark soliton is a collectively excited state which may decay to lower energy states by emission of phonons. If the strength of the disorder potential V 0 ≪ 1 we know from the classical analysis that the shape of a stationary dark solution of the GPE is negligibly deformed by the external potential. In the quantum description we may thus expect that the lifetime of Anderson localized eigenstates is sufficiently long and allows for experimental observations of the localization effects.
Suppose we choose an initial state |Ψ of the N 0 -particle system where the soliton position is described by an eigenstate ψ n (q) of the HamiltonianĤ q corresponding to an eigenvalue E n and there is no phonon excitation, i.e. we deal with the quasi-particle vacuum state,
whereb k |0 B = 0 for each k. In the first order in thê H 1 , see (51) , the system may decay to another eigenstate ψ m (q) corresponding to an eigenvalue E m emitting a single phonon of energy ǫ k . According to the Fermi golden rule the decay rate reads
The sum in (54) runs over all eigenstates ψ m for which we can find such a phonon that the energy conservation E n = E m +ǫ k is fulfilled. We assume a continuum phonon spectrum (9) with the energy gap corresponding to k = π/L. The density of states is
The lifetime of the Anderson localized states presented in Figs. 2a and 2c τ = 1/Γ = 8 × 10 5 (17 minutes) and in Figs. 2b and 2d τ = 2.5 × 10 5 (5 minutes) which means that there is by far enough time to perform experiments until they can decay due to phonon emissions. In Fig. 3 we show contributions γ m to the decay rate (54) and ψ m states corresponding to the largest values of γ m . Figure 3 indicates that the most probable decay leads the system to states localized in the vicinity of the initial localization region.
Long lifetime of Anderson localized states is very promising from the experimental point of view. Indeed, it means that there is sufficient time to excite a dark soliton in an ultra-cold atomic gas, wait until it localizes in the presence of a weak disorder potential and perform an atom density measurement. If the soliton is Anderson localized distribution of soliton positions collected in many realizations of the experiment [57] will reveal an exponential profile.
Experiments with dark solitons have been performed in the presence of a harmonic trap [6, [60] [61] [62] [63] [64] . In such a case, in order to observe the Anderson localization of the solitons, the trap has to be sufficiently shallow. That is, the ground state extension of the soliton position in the harmonic trap without the disorder must be much larger than the localization length predicted in our analysis, i.e. 
IV. CONCLUSIONS
We have considered a dark soliton in dilute ultra-cold atomic gases in the presence of a weak disorder potential. Our consideration is divided into classical and quantum descriptions. The classical approach concerns the analysis of stationary solutions of the Gross-Pitaevskii equation and the effect of deformation of the soliton shape by the disorder. We have employed two methods: the Bogoliubov approach and the expansion of a wavefunction perturbation in eigenmodes of the Pöschl-Teller potential. These two methods lead to the same results, however, the expansion in the Pöschl-Teller modes turns out to be more convenient and in particular allows us to obtain a very simple form of the soliton perturbation in terms of an integral kernel. Comparison of the perturbative calculations with the numerical results shows surprisingly good agreement even for the strength of an external potential as great as the chemical potential of the system. If the strength is much smaller than the chemical potential the wavefunction deformation is negligibly small. The Bogoliubov approach is invaluable in the quantum description where we are interested in many body eigenstates of the system. If the strength of an external potential is much smaller than the chemical potential the dark soliton position may be described by an effective quantum Hamiltonian which is weakly coupled to the quasi-particle subsystem. The effective Hamiltonian turns out to be similar to the corresponding Hamiltonian in the problem of a bright soliton in a weak external potential. Similarly as in the bright soliton case we predict Anderson localization of a dark soliton in the presence of a disorder potential. Because there is a coupling between the soliton position degree of freedom and the quasi-particle subsystem the localized states may decay via phonon emission process. We have investigated lifetimes of the Anderson localized states and it turns out that for typical experimental conditions they exceed condensate lifetimes that make experimental observations of the dark soliton localization realistic.
